We discuss the conformal boundary of a warped product of two length spaces and provide a method to calculate this in terms of the individual conformal boundaries. This technique is then applied to produce CAT(0)-spaces with complicated conformal boundaries. Finally, we prove that the conformal boundary of an Hadamard n-manifold is always simply connected for n ≥ 3, thus providing a bound for the level of complication of the boundary of such a manifold.
Introduction
There are various notions of boundaries at infinity of a metric space. In this article, we will discuss and compare two of these.
The ideal boundary is a classical concept usually defined as a set of equivalence classes of paths converging to infinity. The precise definition will be given in the next section. Conformal boundaries are defined via conformal distortions of the metric space, and thus depend on the choice of distortion function. In certain classes of spaces, e.g., Gromov hyperbolic spaces, there is a range of canonical choices of distortions, which produce homeomorphic boundaries, cf. [3, Chap. 3]. These turn out also to be homeomorphic to the ideal boundary with a canonically defined topology, see [5, Theorem 2.4 ]. In the class of CAT(0)-spaces, however, there is no canonical choice of conformal distortion, and the ideal and conformal boundary will typically be different, when the space is not Gromov hyperbolic. This is the case, for example, when there are flat "sections" in the space extending to infinity.
One of the main purposes of this article is to determine the conformal boundary of a warped product with warping function in a class of functions of distance to a base point. This we do in Sect. 3 after some preliminaries in Sect. 2. In Sect. 4, we use our warped product characterization to produce CAT(0)-spaces where the two types of boundary differ in interesting ways.
In particular, we prove the following result. Note that the ideal boundary of every Hadamard n-manifold is homeomorphic to S n−1 [4, II.8.11].
Theorem 1.1 For each n > 2, there exists an Hadamard n-manifold whose conformal boundary is homeomorphic to a 1-point union of two (n − 1)-spheres and an Hadamard n-manifold whose conformal boundary is homeomorphic to an
Finally, in Sect. 5, we show that even though the conformal boundary of an Hadamard manifold can be quite complicated from a topological viewpoint, it is at least simply connected, when the dimension of the manifold is greater than 2. Theorem 1.2 Let M be an Hadamard n-manifold, n ≥ 3, then the conformal boundary ∂ ρ M is simply connected.
Preliminaries

Length Spaces and Conformal Distortions
We refer to [4] and [5] for more details on the concepts we briefly introduce below.
A length space is a metric space (X, d) , where the distance between two points is given as the infimum of lengths of rectifiable curves connecting points:
where (p, q) denotes the set of rectifiable paths having p and q as endpoints. Given a continuous function ρ : X → (0, ∞), we can define the conformally distorted length metric:
see, e.g., [3] for more details. One then defines the conformal boundary of X with respect to the distortion ρ as ∂ ρ X := X ρ \ X, where X ρ denotes the metric completion of X with respect to the length metric σ ρ .
